The QCD critical point is a landmark point on the QCD phase diagram, with potential connections to a plethora of deep questions on the properties of thermal nuclear matter. Future heavy-ion collision experiments, in particular the second phase of beam energy scan (BES-II), will explore the QCD phase diagram with an unprecedented precision and would potentially discover the QCD critical point. In this short review, I discuss and summarize recent new ideas, such as "rapidity scan", and new theoretical developments, in particular in the qualitative characterization and quantitative descriptions of the critical fluctuations in the expanding fireball. Those new ideas and developments together would enhance the prospect of locating the QCD critical point. * yiyin3@mit.edu 1 arXiv:1811.06519v1 [nucl-th] 
I. INTRODUCTION
The past decade has seen significant advances on the characterization of the properties of thermal QCD matter at small baryon density, thanks to concerted experimental and theoretical efforts [1, 2] . The comparison between dynamical modeling predictions and experimental data have led to stringent constraint on transport properties of liquid quarkgluon plasma (QGP) [3, 4] . At the same time, first principle lattice calculations have firmly established that the transition from baryon-neutral QGP to hadron gas is a rapid but smooth crossover [5] ; the chiral pseudo-critical temperature T c is reported to be 156. 5 MeV with a remarkably small errorbar of 1.5 MeV in a recent publication. [6] (see also Ref. [7] for a brief review of recent progress). In stark contrast to such quantitative precision, our answers to some of the most important qualitative questions about QCD matter at finite baryon density (i.e. µ B ≥ 200 MeV) are still speculative. Would QGP become more liquid-like or gas-like as we increase baryon density? Would the phase transition separating the hadron gas and QGP become stronger and eventually turn out to be a first order transition? Are there any new phases? As explorers will sail from safe landscapes to look for new continents, as botanists will travel around the world to collect unknown species of plants, an important future direction of the field is exploring the baryon-rich regime of the QCD phase diagram [8, 9] . Indeed, the planed experimental programs in facilities worldwide, such as the second phase of the Beam Energy Scan Program (BES-II) at RHIC (U.S.), Compressed Baryonic Matter Experiment (CBM) at FAIR (Germany) [10] , "AFTER" at LHC (Switzerland) [11] , "CEE" at HIAF (China), would open new observational frontier for the exploration of the QCD phase diagram in the next decades.
One potential discovery of this exploration would be locating the conjectured QCD critical point, which is the end point of a line of first-order phase transitions [12, 13] . The BES-II, starting next year (2019), will scan the phase diagram where we already saw interesting hints of criticality, and will bring data with unprecedented precision, see Refs. [14] for a review. This unique opportunity in turn calls for timely theoretical efforts to maximize the discovery potential of this upcoming experiment. The focus of this review will be on the recent theoretical developments in the context of the critical point search.
The critical point hunt will hinge on understanding and making full use of the critical fluctuations which grow universally near a critical point. This review will be organized by the quest for answering the following questions: What new observables should we look into to enhance the prospect of discovering the critical point? What would be the qualitative features of the evolution of the critical fluctuations as the fireball expands, and how to quantitatively describe such evolution. We shall see, for example, the emergence of new ideas on searching for the critical point by taking full advantage of the detector upgrades at STAR. We shall see emergent new scales which characterize the offequilibrium evolution of critical fluctuations, and new theoretical frameworks which could quantitatively describe the evolution of fluctuations themselves as well as their influence on the bulk evolution. Unlike many reviews of this kind, I will not talk about a story with a closed ending. Instead, I would like to report developing news on the community's ongoing efforts towards building a new paradigm for quantitative study of the critical point.
II. ENHANCING THE PROSPECT OF DISCOVERING THE CRITICAL POINT: NEW IDEAS
The multiplicity fluctuations of the hadrons produced in heavy-ion collisions are sensitive to the presence of a critical point, where the conserved densities such as energy density and baryon density grow universally [14] . By tuning the colliding energies √ s of two nuclei, experimentalists vary the baryon chemical potential µ B (and temperature) of the nuclear matter created in heavy-ion collisions. Therefore, the nonmonotonic behavior of multiplicity fluctuations as a function of beam energy √ s have long been considered as promising signatures of the presence of the QCD critical point. In fact, there are other knobs experimentalists could dial to vary the baryon chemical potential. The thermal-fit of experimental data [16] [17] [18] and theoretical model studies [19, 20] indicate that the baryon density also depends on spatial rapidity y s at fixed beam energy, and such dependence typically becomes stronger at a lower beam energy. Complementary to scanning the phase diagram by taking steps in beam energy, examining the rapiditydependence provides additional scans of small regions of the phase diagram. This idea of "rapidity scan" (RS) now emerges as a new method, and has already attracted much experimental and theoretical interest. For example, a proposal for a possible future fixed target program at the LHC is now exploring the scientific opportunities brought by RS [11] .
We now focus on the search for the QCD critical point based on RS. Brewer, Mukherjee, Rajagopal and myself propose to bin the cumulants in rapidity to give a more crisp picture of the critical regime [21] . To demonstrate this idea in a simplified set-up, we consider a hypothetical scenario that at midrapidity, the freezeout happens in a region where the fourth cumulant of order parameter field K 4 is negative (see black circle in Fig. 1(b) ). However, as we increase y s , the chemical potential becomes larger, and the corresponding K 4 would change sign as implied by the critical universality. Indeed, the sign change of the fourth cumulants K 4 with increasing beam energy was predicted in Ref. [22] . In our work instead, we consider the dependence of ω 4,σ ≡ κ 4,N /N p on the center of the bin y c where κ 4,N denotes the fourth cumulants of proton numbers induced by critical fluctuations and N p denotes the number of protons in the rapidity bin. Observe as expected that ω 4,σ is negative for small y max but eventually become positive at a larger y max as Fig. 1(c) illustrates. It is worth noting that the success of the "rapidity scan" would crucially rely on a large rapidity coverage as well as on excellent particle identification capabilities.
I wish to close this section by briefly mentioning other new ideas proposed in a previous couple of years related to the critical point search. It would be interesting to explore HBTlike observable [23] as the enhanced critical fluctuations are tied to enhanced correlations. To isolate fluctuations of baryon density distribution in initial state [24] , one might also try a creative way of binning the events, see Ref. [25] for a preliminary proposal. In addition to the universal aspect of the QCD critical point, it is also useful to take the peculiarity of the theory of QCD into consideration. Studies along this line of thought include the discussion of the observational effects due to the modification of nuclear force [26] as well as the modificaition of light nuclei production [27] near the critical point.
III. TOWARDS A QUANTITATIVE FRAMEWORK TO THE CRITICAL POINT SEARCH

A. Why hydrodynamics is not enough
To turn high precision experimental data anticipated in the upcoming years, including the measurement of the new observables mentioned in the previous section, into definite information on the QCD critical point, a quantitative framework for modeling the salient features of these low energy collisions would be indispensable. Viscous hydrodynamic modeling is a key ingredient in the state-of-art description of the evolution of the fireballs created at top RHIC and LHC energies. Progress has been made recently on extending this successful program to lower collision energies [28] . This includes the study of the initial conditions at BES energies [29] [30] [31] , and subsequent hydrodynamic evolution [32, 33] , see also Refs [20, 34] for more references. If a fireball is passing close to the critical point, pertinent features associated with a critical point has to be included as well. For example, a family of equation of state (E.o.S) with a critical point in the 3D Ising universality class has been constructed in Ref. [35] , which significantly improves the early work [36] . Each E.o.S matches to available lattice results in the small µ B region, but is different from others due to the location of the critical point as well as other parameters which controls the mapping between the QCD critical point and the 3D Ising model. And, the parametrization of transport coefficients with appropriate critical behavior is also needed [37, 38] . Since the parametrization of the E.o.S and transport coefficients depends on the location of the critical point, a comparison between the data and the output of a reliable quantitative modeling would eventually constrain the parameter space for the critical point in the future.
However, as the fireball approaches the critical point, the paradigm based on hydrodynamic modeling is not enough. In particular, if nature is generous enough to put a critical point in the regime accessible to heavy-ion collision experiments, nature would also hide her secret by offequilibrium effects which would happen inescapably near the critical point, as we shall see in the next subsection.
B. The characteristic features of offequilibrium effects near the critical point
To see why offequilibrium effects become unavoidable near the critical point, let us recall that thermodynamic fluctuations will be equilibrated through a diffusive process. The equilibration rate Γ(Q) at a given momentum Q behaves as 1
where D denotes the diffusive constant. The fluctuation-dissipation relation further tells us
Therefore whenever the fireball approaches the critical point, the critical fluctuation would grow and the equilibration rate would become small (the phenomena of the "critical slowing down"). Eventually, the fireball would fail to catch up with the growth of equilibrium fluctuations at some turning point (denoted by "O" in Fig. 2 (a) ) along its trajectory in the phase diagram, and it would afterward fall out of equilibrium. As a result, the fireball could only "memorize" information along its evolution up to the point "O" at best, in analog to "jet-lag" that one would feel when crossing multiple time zones very quickly. We now discuss an interesting and phenomenologically important example, which demonstrates that the "jet-lag" effect would even change the qualitative feature of critical fluctuations. Here, we focus on K 3 , the third cumulant of the order parameter field. Its equilibrium value is negative above the crossover line and positive below the crossover line, where freezeout (see point "F" in Fig. 2(a) ) occurs. Then, if critical fluctuations were in equilibrium, K 3 is expected to make the skewness of multiplicity fluctuations of protons larger than the baseline value. Turning to the preliminary experimental result reported by STAR [40] , the data is below the baseline, and hence is opposite to the equilibrium expectation (see also Ref. [41] ). This proton skewness "sign puzzle" can be naturally explained by noting the effect of "jet-lag" [42] , as the fluctuations that the fireball could memorize would be "frozen" at point "O" in Fig. 2(a) , where the value of K 3 memorized by the fireball would likely be negative. Indeed, it has been demonstrated in Ref. [42] as well as in many other studies [43] that both Gaussian and non-Gaussian fluctuations can be quantitatively and even qualitatively different from equilibrium expectations.
While the equilibrium critical scaling is no longer applicable to the expanding fireball, the qualitative features of offequilibrium evolution near the critical point might be captured by employing the key idea of Kibble-Zurek (KZ) dynamics. This idea was pioneered by Kibble in a cosmological setting, and was generalized to describe a similar problem in condensed matter system (see Ref. [44] for a review). The key observation is that since the evolution of the critical fluctuations become effectively frozen at the point (i.e. the point "O" in Fig. 2(a) ) where the time remaining to reach the critical point is shorter than the relaxation time, then why not measure those fluctuations and their evolutions in the units of KZ length 1 Strictly speaking, the Q dependence of Γ(Q) near a critical point is more complicated than Eq. (1) due to the non-linear effects [39] . However, such details are not important for the qualitative discussion presented in this paragraph. l KZ and KZ time τ KZ where they are the correlation length and the relaxation time at point "O" respectively. In Ref. [45] , an extension of KZ dynamics to situations relevant to the search for the QCD critical point has been made by Mukherjee, Venugopalan and myself. As an example, we consider four different trajectories passing close to the critical point with different expansion rates. In Fig. 2(b) , we see that the magnitude as well as the temporal dependence of K 4 along those trajectories are different from each other. We then do the rescaling, and present K 4 rescaled by an appropriate power of l KZ vs rescaled proper time τ /τ KZ in Fig. 2(c) While the corresponding τ KZ and l KZ are different for each trajectory, the rescaled kurtosis curves beautifully collapse into a single curve in the vicinity of the critical point. This is just one example which demonstrates the emergent scales, l KZ and τ KZ , characterizing the magnitude and temporal evolution of the critical fluctuations respectively, as discussed in Ref. [45] . Such scaling properties open new possibilities to identify experimental signatures of the critical point. Recently, KZ offequilibrium scaling has been explored and verified in a variety of materials, such as hexagonal manganites [46] and optical lattice [47] . It would be interesting to see if nuclear matter would exhibit such offequilibrium scaling in future BES or "rapidity scan", though background effects should be subtracted with care.
Let us further appreciate the rich physics behind l KZ and τ KZ from a different but related perspective. Since the equilibration rate Γ(Q) in Eq. 1 becomes smaller with smaller Q, there must exist a characteristic wavelength above which the fluctuations fall out of equilibrium for a system passing close to the critical point. It turns out that this length scale is nothing but l KZ , and the critical fluctuations become the strongest at scale l KZ [25] . This implies that critical fluctuations at length scale l KZ , which will be referred to as "KZ modes" from now on, contain the most information about the criticality. To add, the lifetime of "KZ modes" is of order τ KZ as one can easily verify. In fact, the above is the underlying physics that l KZ characterizes the magnitude of off-equilibrium evolution and τ KZ characterizes their temporal evolution.
We now have the following picture to "visualize" the essential physics for a fireball passing close to the critical point. Before the fireball enters the critical regime, the fireball can be divided into several "droplets", and each droplet can be considered to be in local equilibrium. The sizes of such droplets are of the order l max , the maximum wavelength that can be reached by diffusion, and the fluctuations at scale shorter than l max are in equilibrium. As the fireball approaches the critical point, the critical fluctuations at typical scale l KZ , i.e. "KZ modes", become offequilibrium Since the diffusive constant D is highly suppressed near the critical point, there is an interesting hierarchy among l max , l KZ and the microscopic length l mic [25] :
whenever the microscopic relaxation time is much shorter than the expansion time of the fireball, which is of the order 10 fm. This hierarchy means that "KZ modes" are otherwise equilibrated macroscopic modes that fall offequilibrium near the critical point. Therefore they may be considered as emergent new degrees of freedom near the critical point with a macroscopic lifetime τ KZ . One of the main themes of this section is to emphasize the importance of offequilibrium effects as well as the emergence of KZ scales. Historically, the universal equilibrium critical behavior provided very useful guidance for the critical point search. However, its domain of validity ends before, and in fact well before, the regime of interest where critical fluctuations are significantly enhanced, see Ref. [25] for a detailed analysis. This observation makes clear that simply inputting an E.o.S (and transport coefficients) with (equilibrium) scaling behavior into conventional hydrodynamic simulation would not be enough to describe the bulk evolution. In such offequilibrium regime, a new set of degrees of freedom, namely "KZ modes", emerge. It is imperative to describe those emergent degrees of freedom for the purpose of quantitative study near the critical point, and this will be addressed in the subsequent section.
C. Dynamical framework: from hydrodynamics to fluctuating hydrodynamics
Let us begin by briefly reviewing the previous studies associated with dynamics of critical fluctuations. The limitation of the growth of the critical correlation length due to finite time effects was studied in Ref. [48] . A closed-form expressions for the temporal evolution of both Gaussian and non-Gaussian cumulants of order parameter fields are derived in Ref. [42] and are applied to study offequilibrium effects on critical cumulants. Meanwhile, the model of chiral fluid dynamics (CFD) has been developed over recent years [49] [50] [51] (see Ref. [52] for more references). In the CFD framework, the chiral condensate is identified as a dynamical variable. However, as already pointed in Refs. [53, 54] (see also Ref. [13] ), the chiral condensate would be expressible as a function of energy density and baryon density at a macroscopic scale, and should not be counted as an additional slow degree of freedom. Therefore the appropriate quantitative framework would be fluctuating hydrodynamics, which describes the dynamics of (average) hydrodynamic variables and their fluctuations, with the implementation of the salient feature of a critical point. Below, I will first discuss recent developments in fluctuating hydrodynamics in general before moving to the special case of critical fluctuating hydrodynamics.
The conventional approach to fluctuating hydrodynamics treats hydrodynamic variables as stochastic variables, and will be referred as the "stochastic approach" hereafter. Stochastic noise is added to the hydrodynamic equations with magnitudes fixed by the fluctuationdissipation theorem, as was done in Ref. [55] for non-relativistic fluid. This approach has been extended to relativistic hydrodynamics in Ref. [56] , see Refs [57] for related developments. Even though numerical simulations based on "stochastic approach" are computationally demanding, encouraging new results are reported in Ref. [58] where stochastic noise is implemented in a 3D hydrodynamic simulation for baryon-neutral QGP. See also Refs. [37, 59] for related studies near the critical point.
In parallel, there is growing interest, mostly from the high energy physics community, in constructing or deriving the action corresponding to fluctuating hydrodynamics [60] [61] [62] [63] [64] . I will refer this approach as the"action approach". While direct application of the "action approach" to heavy-ion collision phenomenology would not be possible at this moment, such an approach has already provided tanalytic insight into some salient features of fluctuating hydrodynamics.
Very recently, a third approach, namely the "hydro+ approach" [65] or "hydro-kinetic approach" [66] has emerged, though early studies in a similar fashion can be traced back to 1970's [67, 68] . The key idea is to directly consider wavenumber-dependent correlation functions of hydrodynamic variables as slow variables in addition to hydrodynamic ones. The resulting equations of motion are deterministic, and describe the coupled evolution among those correlation functions and conventional hydrodynamic variables. This approach successfully describes non-trivial offequilibrium effect such as the hydrodynamic tail [66] and the renormalization of bulk viscosity for a fluid away from [69] or near a critical point [65] .
The formulation of fluctuating hydrodynamics in the vicinity of the QCD critical point using the third approach was first presented in Ref. [65] by Stephanov and myself, and the resulting theory is referred as "hydro+". Since fluctuation of the specific entropy densitŷ s (the ratio of entropy to density baryon) will always be proportional to the corresponding fluctuations of the order parameter field in the Ising model (see Refs [25, 65] for the derivation), we "add" the wavenumber-dependent two point function ofŝ to the hydrodynamic equations. Following Ref. [65] , we will denote this two point function by φ here with its dependence on space-time and momentum suppressed. The equilibration of φ is described by a relaxation rate equation with equilibration rate Γ(Q) known from the dynamical universality [39] . While the conservation equations such as ∂ µ T µν = 0 are still in their usual forms , φ is coupled to the bulk evolution as the local equilibrium pressure p( , n) in the constitutive relation of hydrodynamics is replaced by a generalized pressure p + ( , n, φ) which now depends on , n and the critical fluctuation φ. Remarkably, this generalized pressure can be derived systematically [65] . Likewise, we also need to replace transport coefficients such as bulk viscosity with the generalized ones.
As an illustration, we compute the "effective sound velocity" c 2 s,,eff as a function of the expansion rate of a critical fluid by solving the linearized "hydro+" equations in Ref. [65] . When the expansion rate becomes much smaller than 1/τ KZ (where τ KZ is the Kibble-Zurek introduced in Sec. III B), the critical fluctuation φ is in equilibrium and c 2 s,,eff approaches its equilibrium value. Critical fluctuations φ would fall out of equilibrium as expansion rate becomes larger than 1/τ KZ , and "effective sound velocity" becomes larger and larger. What we learned here is that applicability of "vanilla" hydrodynamic is limited at time scale much longer than τ KZ . Naively extending hydrodynamics to a shorter time scale would underestimate the stiffness of E.o.S. Instead, one has to include the additional slow evolution of φ, most notably from "KZ modes", and this physics is captured in the framework of "hydro+".
The main message of this subsection is that there are rapid and significant developments, at both the technical and conceptual level, on the application of fluctuating hydrodynamics to the QCD critical point. This marks the beginning of the quantitative era of studying of critical dynamics. Very recently, a simulation of baryon density fluctuations near a critical point based on the "stochastic approach" has been reported in Ref. [43] in a simplified geometry. At the time of writing this review, a numerical simulation of "hydro+" in a simplified setting is near completion [70] . The future directions of those quantitative study include adding needed sophistication to those modelings as well as the formulation of an appropriate freezeout prescription which turns critical fluctuations into hadron multiplicity fluctuations.
To close this section, let me speculate on how the qualitative understanding presented in Sec. III B might be used to make progress in quantitative studies and to connect different approaches. We have discussed that there is a characteristic wavelength around which the dynamics of fluctuations are most important. This length scale is identified as l max for a system away from the critical point in Ref. [66] and as the Kibble-Zurek length l KZ in Ref. [25] . Tracing modes with wavelength much shorter than this characteristic wavelength is unnecessary as they are equilibrated. Once those boring modes are "thrown out", the computation cost using the "stochastic approach" would be significantly reduced, see for example the study of Ref. [58] . On the other hand, the emergence of the separation of length scale in Eq. (3) suggests that one could further coarse-grain the action obtained in the "action approach", following the standard "Wilsonian picture". It would be interesting to see if this "Wilsonian picture" would lead to the equations used in the third approach, perhaps along the line of Ref. [71] .
IV. SUMMARY AND OUTLOOK
In this review, I discuss and summarize recent new ideas and theoretical developments towards maximizing the discovery potential of the upcoming search for the QCD critical point. In particular, the idea of "rapidity scan" can be used as a new method complementary to the conventional beam energy scan to study the properties of baryon-rich QCD matter, including locating the critical point. The comprehensive quantitative dynamic framework to describe the evolution of baryon-rich fireballs is under rapid construction. The focus of this review is on the critical dynamics. As the fireball approaches the critical point, the competition between the expansion and equilibration induces the "jet-lag" effect which upsets naive interpretation of the data based on equilibrium expectation, and "excite" offequillibrium fluctuations with characteristic wavelength and lifetime determined by Kibble-Zurek (KZ) dynamics. Those emergent "KZ modes" would in turn strongly influence the expansion of the fireball, and such influence can be quantitatively described by the fluctuating hydrodynamics with a critical point using the "stochastic approach" and the "hydro+" (or "hydro-kinetic") approach.
In a broad aspect, the competition between the expansion and equilibration is one of the common themes in many other studies of heavy-ion collision physics, in particular in the study of initial thermalization, of extracting transport coefficient from the "memory" of initial geometry, and of the small colliding systems. It remains to see the cross-fertilization among those studies and the study of critical dynamics. To add, the investigation of the fluctuating hydrodynamics has strong cross-disciplinary appeal, with applications in the condensed matter physics (e.g. Ref [72] ), and cosmology (e.g.Ref [73, 74] ).
In this somewhat subjective review, many important directions/achievements are not covered. In particular, seeking for the signature associated the first order transition would not only be instrumental to locate the critical point, but also advance our understanding of the QCD phase structure. This structure would also be probed by the signatures pertinent to the chiral symmetry restoration. Such signatures might be revealed through the spectrum of dilepton as well as observables sensitive to chiral effects which are macroscopic manifestation of the microscopic quantum anomaly [75] .
Two decades ago, our knowledge of baryon-neutral QGP was also very poor. However the running of heavy-ion collision experiments at RHIC, and then at LHC, together with consistent theoretical efforts have changed all that. In the light of this, I await with great interest the results from both future experiments and the output of dynamical modeling. And, I believe there is a great scientific opportunity awaiting us. I will take this opportunity to participate such future studies of the critical point search and of the exploration of the QCD phase that would potentially bring the emergence of new insight and even the shift of paradigm. I hope this review would motivate the reader to do the same.
